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Abstract 

For any complex number a and any even-size skew-symmetric matrix B, we define a gener- 
alization pi a (B) of the pfaffian pf(-B) which we call the a-pfaffian. The a-pfaffian is a pfaffian 
analogue of the a-determinant studied in |ST| and |V]. It gives the pfaffian at a = —1. We 
give some formulas for a-pfaffians and study the positivity. Further we define point processes 
determined by the a-pfaffian. Also we provide a linear algebraic proof of the explicit pfaffian 
expression obtained in jVl^ for the correlation function of the shifted Schur measure. 
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1 Introduction 

Let a be a complex number and A = {aij)\<i.j< n be a square matrix. Then the a-determinant of 
A is introduced in |ST| and is given by 



n 

(1.1) det a (A) = « n ^ (<T) II a -«' 

where stands for the number of cycles in a £ & n (see also 0). Remark that in [V] it is called 
the a-permanent. This gives a determinant at a = —1 or a permanent at a = 1: 

n n 

det_i(A) = sgn(cr) J| a ia{i) = det(A), det^A) = ^ II ^© = P er (^)- 

uG6n i=l ue6„ !=1 

For a sequence i = 12, ■ ■ • , ik) G{1,2,..., n} k , we put 



A, 



Define a norm \\A\\ of A by 



\ a ikh ■■■ a ikik/ 



sup \\Av\\, 
||u||=i, »ec™ 
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where ||t> || stands for the standard norm in C n . Then it is proved in ^ (see also |ST| ) that if z G C 
satisfies ||a^A|| < 1, we have 

oo 

(1.2) det(/ n - azA)- l l a = ^ Z - £ det a (A ili2 .„ ik ), 

k=0 l<ii,«2,. -;ik< n 

where I n is the n by n unit matrix. Note that if a G {— l/m;m = 1,2, ... }, the equation (|1.2j) 
holds without the condition for z since det(/ n + ^zA) m is a polynomial for z. In particular, when 
q = — 1, the formula (|1.2|) provides the expansion of the characteristic polynomial: 

n 

(1.3) det(/ n + *A) = ** Yl det{A hi2 .. Ak ). 

k=0 l<ii<i2<-"<ife<n 

Our first aim in this paper is to obtain a pfaffian version of 1)1. 2^1 . For that purpose, we define 
a pfaffian analogue pf Q (i?) of the a-determinant for a skew-symmetric matrix B whose size is 
even. This analogue pf Q! (S), which we will call the a-pfaffian of B, the a-pfaffian gives a new 
expression of the usual pfaffian at a = —1, i.e., pf_ 1 (5) = pf(-B) (see Section I2.2|l . Further, for a 
particular skew-symmetric matrix, the a-pfaffian gives the a-determinant. Therefore we can regard 
the a-pfaffian as a generalization of the pfaffian and the a-determinant. 

The second aim is to construct a point process determined by the a-pfaffian. It covers the 
a-determinantal point process studied in |ST| and the usual pfaffian point process studied in BR , 
(El, and 0. 

The third aim is to regard the shifted Schur measure as a pfaffian point process and to ob- 
tain a linear algebraic proof of the explicit pfaffian expression of its correlation function by the 
same technique in |BRj . The shifted Schur measure is the measure which gives the probability 
2~ i( - x ^Q\(u)Q\(v) to each strict partition A, where £(\) is the length of A and Q\{u) (resp. Q\{v)) 
is the Schur Q-function associated with A in the variables u = (u±,U2, • • • ) (resp. v = (v±, v%, . . . )). 
Its correlation function was obtained by using vertex operators on the exterior algebra in [M]. We 
give a new and more direct proof. 

The fourth aim is to study the positivity of a-pfaffians. The positivity is important for ex- 
istences of the point processes determined by a-pfaffians. In |ST| . the following conjecture for 
a-determinants is established. 

Conjecture 1.1 ((Slj)- Let a G [0, 2] U {-l/m;m = 1,2, . . . }. Then det a (A) > whenever A is 
a non-negative definite hermitian matrix. □ 

This is true if a G {2/m; m = 1, 2, . . . } U {0} U {— 1/m; m = 1,2,...}. We study an a-pfaffian 
version of this conjecture. 
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2 a-Pfaffian 

2.1 Basic facts of the pfaffian 

We recall the definition of the pfaffian. For a skew-symmetric matrix B = {bki)i<kl<2mi the pfaffian 
of B is defined by 



(2.1) 



P f (B) = ^ s M^)YlK(2j-lM2j), 



where 32m is the subset of 62m given by 

(2.2) d2m = {a = (ct(1), (7(2), . . . , <r(2m)) E 6 2m ; 

<r(2j - 1) < a(2j) (1 < j < m), a(l) < <r(3) < • • • < a(2m - 1)}. 

For convenience, we define pf (0) = 1 if m = 0. We consider a matrix of the form 

/ 5(1,1) ... 5(1, m) 

5= ; •. ; 

\yB(m, 1) ... B(m,m) / 
where each 5(r, s) is a 2 by 2 block given by 



B(r,s) 



B 00 (r,s) B 01 (r,s] 



&2r-l,2s-l &2t--1,2s \ r i ^ ^ 

' | tor 1 < r, s < m. 

»2r,2s-l »2r,2s 



v 5i (r, s) 5n(r, s) 

We call B(r,s) the (r, s)-block of 5. Since 6^; = — b[ k for 1 < A;, Z < 2m, it holds that Bij(r,s) = 
—Bji(s, r) for i, j G {0, 1} and 1 < r, s < m. For a finite sequence S = (si, S2, ■ ■ ■ , s k ) £ {1> • • • > m} fc , 
we put 

/B(s 1 ,s 1 ) ... 5(si,s fc )\ 

5[5]= 

\B(s k ,si) ... B(s k ,s k )J 

Then 5[S'] is also skew-symmetric. 

Let J m be the 2m by 2m skew-symmetric matrix whose (r, s)-block is given by 

5 rt 
-5 rs 

The following proposition is a pfaffian analogue of (|1.3j) . 

Proposition 2.1. Lei £? 6e any 2m fry 2m skew- symmetric matrix and J m be above. For any z, 
we have 



(2.3) 



pi(J m + zB) = ^z k Y Pf(5[si,s 2 ,...,sfe]). 

k=0 l<si<S2<-<Sfe<m 
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Proof. By the definition 1)2 of the pfaffian, we have 

m 

pf(J m + zB) = ^ Sgn(o-) Y[( zb ar(2j-l)a(2j) + (Jm) cr (2j-l)a(2j)) 

= Sgn(ff)£V ^ II^(2i-lM2j) II (Jm)a(2j-lM2j) 

cre^2m A:=0 Sc{l,...,m} VjeS / V je{l,-,m}\S 

Since r[jg{i,...,m}\s( J m)a{2j-i)a{2j) = unless cr(2j - 1) = 2j - 1 and cr(2j) = 2j for all j G 
{1, . . . , m} \ S, we have 

m km 

P f(j m + = ^ z k y, e n ^( 2Sl -iM2 Sl) =x>* e p f (^^), 

fc=0 l<si<"<Si<mTg& i=l fe=0 5c{l,...,m}, 

where $ 2 f, ac ts on {2si — 1, 2si, . . . , 2s^ — 1, 2sk}- □ 
2.2 Definition of a-pfaffian 

Let B be any 2m by 2m skew-symmetric matrix. For a cycle r = /c 2 , • • • > k r ), we put 
P(B)(r)=P(B)(k 1 ,k 2 ,...,k r ) 

(2.4) =i (-l) ll+i2+ -+^ J B iliJ2+1 (A; 1 ,A :2 )i? 42 , i 3 +1 (fc 2 ,A;3)---B ir , n+1 (A ;r ,A ;i ), 

11,12, ...,ir£Z/2Z 

where Z/2Z = {0, 1}. This is independent of the way of expressions of the cycle r: 

P(B)(h,k 2 , . . . ,k r ) = P(B)(k 2 , . . . ,k r ,h) = ■■■ . 
For any complex number a, we define the a-pfaffian of -B by 

(2.5) pf a (B) = Y « m ^ (CT) II P(B)(^), 

where a = a^'tjW ■ ■ ■ o~( l '( a " is the cycle decomposition of a. 

We now provide another expression of the a-pfaffian. Let r = (fci, k 2 , ■ ■ ■ , k r ) be a cycle and 
suppose that &i is the smallest among k\, k 2 , . . . ,k r . Then we put 

Q{B){t) =Q(B){k 1 ,k 2 ,...,k r ) 

= (-l) 42+ - +v ^o,i 2 +i(A:i,A; 2 )i?i 2 , t 3+i(A:2,fc3)---i? ll ,i(^,A ; i) 
i 2 ,...,i r eZ/2Z 

if r > 2, or Q(B)(t) = i?oi(fci, k\) if r = 1. For r _1 = &d K-i, ■ ■ ■ > &2)> we have 

^(^(t- 1 ) = £ (-l) 42 +-+ l '- J Bo, i2+ i(A; 1 ,A :r )^ 2iJ 3 +1 (A; r ,A: r „ 1 )--- J B Vil (A ;2 ,A :i ). 
i 2 ,...,i r eZ/2Z 
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Since Bij(r, s) = —Bji(s, r), changing the indices of i 2 , ■ ■ ■ , i r , we see that 

= Yl (-lY 2+ - +lr+r Bi, l2 (fci, k 2 )B i2+lji3 (k 2 , h) • • • B ir+1>0 (k r , hi). 



12,.. .,ir£^ 

Further, if we change indices as j p = i p + 1, we obtain 

= E (-1) J2+ - +jV ^i J2 +i(^i, k 2 )B hJs+1 (k 2 , k 3 ) ■ ■ ■ B jri0 (k r , h). 



Therefore we get the equality 2P(B){r) = Q{B)(t) + QiB)^ 1 ). Hence we have the 
Proposition 2.2. We have 

u{a) 

(2.6) pf tt (B) = J2 am ~ II Q( B )(° U) )- n 

o-e s m j=l 

Example 2.1. We abbreviate Q(B)(t) to Q(r). 

• The case where m = 1. We have pf a (5) = Q(l) = Sqi(1, 1) = 612 for any a. 

• The case where m = 2. Since Q(l,2) = ^ igZ / 2Z (— l) J .E?o,i+i(l, 2)i?j 5 i(2, 1), we have 



pf tt (5) =Q(l)Q(2) + aQ(l,2) 

=B 01 (1, l)5 i (2, 2) + a (B i(l, 2)B l(2, 1) - #oo(l, 2)S n (2, 1)) 
=^12634 + 0(614632 - 613642) = 612634 + a(6i 3 6 2 4 - 614623). □ 



We compare the number of terms in the expression (|2.6|) with that in the definition (|2.1jl of the 
pfaffian. The number of terms in (|2.6|) as a polynomial of a is at most E CTG s m 2 m - u ^l On the 
other hand, the number of terms in (|2.1|) equals (2m — 1)!!. We can show that 

(2.7) 2 m ~ v ^ = (2m- 1)!! 

in the following Proposition 12.31 Therefore the number of terms in the a-pfaffian is equal to the 
number of them in the pfaffian (when a = —1). 

Proposition 2.3. For any complex number x, we have 

m— 1 

(2.8) x m ~ u{a) = \\{kx + l). 

o-es m k=o 

In particular, ^ ff£6m X m -K°") = q if x = _ 1 (fc = 1, 2, . . . ,m — 1). 

Proof. We prove 1)2.8)1 by induction on m. When m = 1, both sides in 1)2. 8 J) equal 1. Assume 
that the equality holds for m — 1. Put & m (m,k) = {a G 6 m ;cr(?Ti) = &;} for 1 < fc < m. We 
define a bijective map s from 6 m (m, fc) to G m _i by removing m from the cycle decomposition of 
cr G © m (m, k). For example, we see that s((l 2 4)(3 6 5)) = (1 2 4) (3 5) for (1 2 4)(3 6 5) G 6 6 (6, 5). 
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Since u(s(a)) is equal to v(a) if a G & m (m,k) (1 < k < m — 1), or to z^(cr) — 1 if a £ & m (m,m), 
we have 



m m— 1 



^ x ™-"(<r) = ^ V] x »»-i/(<r) = ^ ^ x m-u(7r) + x m-l-i/(7r) 
crS© m fc=l a£& m (m,k) k=l 7reS m _i 7r€S m _i 



=((m-l)x + l) V] 



771-1— I/(7r) 



7re6m-l 

By the assumption of the induction, 1)2. 8j) follows immediately. □ 

The a-pfaffian has the following invariance. 
Proposition 2.4. Let B be any 2m by 2m skew- symmetric matrix. Then we have 

pi a Cj m BJ rn ) = pf a (B). 

Proof. Put B = t J m BJ m . Then it is easy to see that Bij(r, s) = (— Bi + ij + \(r, s) for i,j = 0, 1 
and r, s = 1, 2, . . . , m. Therefore we see that P(B)(t) = P(B)(t) for any cycle r so that pf a (B) = 
pf a (B). □ 

Remark 2.1. For the usual pfaffian, the equality pf (T£?T) = pf(-B) det(T) holds for any 2m by 
2m skew-symmetric matrix B and for any 2m by 2m matrix T. But we cannot expect a similar 
formula for general a-pfaffians. □ 

2.3 Expansions of the power of a pfaffian 

Now we give a pfaffian version of (|1.2|) . 

Theorem 2.5. Let a be a non-zero complex number and B be any 2m by 2m skew- symmetric 
matrix. If z £ C satisfies \ \azB\\ < 1, then we have 

CO 

(2.9) pf (j m _ aZjB )-iA* = ^|_ p{ a (B[s 1 ,s 2 ,...,s k }). 

k=0 l<si,S2,---,Sk<m 

Here if a E {— l/p;p = 1,2, ... }, the equation (|2.9jl /ic-Zds without the condition for z. 

To prove the theorem, we need a lemma. 
Lemma 2.6. For a cyc/e r = (fci, &2, ■ ■ ■ 5 ^r), we /iat>e 

tr ((- JOflfo, k2)(-Ji)B(k 2 , k 3 ) ■ ■ ■ (-Ji)B(k r , hi)) = 2P(B)(t). 

Proof. Since 

_ t ^ _ f-B w (r,s) -B n (r,s)\ 
1 1 ' J " \B 00 (r,s) B 01 (r,s) )> 

the claim follows immediately from the definition (|2.4[) of P(B)(t). □ 
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Proof of Theorem \2.fA Since pf(B) 2 = det(S), det(±J m ) = 1 and = —hm, we have 
pf(J m - azB)- 1 ^ = det(J m - azBy 1 /^ = (det(-J m ) det(J m - azB)y 1/(2a) 
= det(I 2m -az(-J m B))- 1/i2a) . 
By the assumption on z, we have ||azJ m -B|| < ||J m || • ||a2:i?|| < 1. Thus we obtain 

det(J 2m - « Z (-45))- 1/(2a) = exp I -L V ^tr(TP 

\ p=l 

where we put T = —J m B. If we expand the right hand side, then 

„ H .. al8r ^ =1 + fK V (M)BW -H,^)tr(^)-^) 

^, P1P2---PI 

1=1 P\,P2,—,Pl>l 

(2.10) =1 + fw£2^ E tr(r " )tr(rM) - tr(r "^ 

P1+P2H hpz=fc 

For a partition p = (px, p 2 , ■ ■ ■ , pi) of weight k and of length £(p) = I, we denote by C p the 
conjugate class of cycle type p in It is easy to see that 

i E _J^ = #Cp=El , 

'! ^ -i P\P2 ■■■Pi 

P1+P2H \-Pi=k 

{Pl,P2,-,Pl}={pi,P2,—,Pl} 

where the sum in the left hand side is all over the sequence (px,p 2 , ■ ■ ■ ,Pi) of I positive integers 
satisfying the conditions p\ + ■ ■ ■ + pi = k and {pi, ■ ■ ■ ,Pi} = {pi, ■ ■ ■ , pi}- Hence we have 

(2.11) i V ^"Mr»)-tr(T-) i Etr(rw)tr(r p, ) ... tr(T »„ ) . 

i! ^ ^ PXP2---PI ut! "77^ 

P1+P2H hp;=£: t(p)=l 

By (J2~TC)|) and (|2~TT|) . we have 

OO , \fc k 

p f(J m -azB)- 1 / a = l + Y, [ -^rJ2( 2a y l E E tr(T^)tr(T" 2 )-..tr(T«). 

fe=l ' 1=1 phk aeCp 

l{p)=l 

Since 

tr(TP) = tr((- J m Bf) = ^ tr ((- JxB( Sl , s 2 )) ■ ■ ■ (- J x B{a p , ax))) 

l<si,...,s p <m 

it follows from Lemma 12.61 that 

00 / \k ^ I 

P f( Jm - *zb)-v° =i + E ^ E E( 2 «)" ; E E 21 II p ( B ^ ■ ■ ■ . s *])( ff0 " ) ) 

fc=l l<si,...,Sj;<m i=l phfc crdCp j=l 

l{p)=l 

oo ^ fc £ 

= 1 + Efr E E« fc " E E n^^---'^(^). 

k=l l<si,...,Sfc<m /=1 phk crGCp j = l 

l(p)=l 
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If a £ C p , then u(a) = £(p) so that we obtain 



pf ( J m - azB)- 1 '* = 1 + f[ E Pfa(^i....,*fc])- 

fc=l l<si,...,sj.<m 

This completes the proof of the theorem. □ 
Remark 2.2. It is clear that 

(m \ °° k ^ 

s=l / k=0 l<si,...,sj.<m j=l 

for any z. We may regard this formula as a limit of ()2.9|) as a — ► 0. □ 

From Proposition 12. II and Theorem 12.51 we obtain a new expression of the pfafnan. 
Corollary 2.7. For any 2m by 2m skew- symmetric matrix B we have 

(2.12) pf(fl) = pf_!(B) = Y, II Q( B )(° U) )- U 

2.4 Connections to a-determinants and some formulas 

Let gl m = gl m (C) be the set of all m by m C-matrices and Oim = 02m(C) be the set of all 2m 
by 2m skew-symmetric C-matrices. For A = (aij)i<i t j< m 6 $j[ m , we denote by uj{A) £ 02m the 
skew-symmetric matrix whose (r, s)-block is given by 

a rf 
-a sr 

In other words, 

(2-13) ^4)=fn nW+l^i nH ' ! 



where (g) is the Kronecker product. It is clear that the map uj : gl m — > 02 m is linear and injective. 
The following proposition assures that the a-pfaffian is a generalization of a-determinant. 

Proposition 2.8. For A G gl m , we have pf a (uj(A)) = det a (A). 

Proof. It is easy to see that Q(uj(A))(t) = ak 1 k 2 a k 2 k 3 ' ' ' Ofc r fci for a cycle r = (k\, k2, ■ ■ • , k r ). 
Therefore by (J2SJ) and {UJ we have pf a (cj(A)) = det a (A). □ 

Remark 2.3. It is well known that pi(B) 2 = det(B) in the case of a = — 1. But we cannot expect 
a similar formula for general a. □ 

Theorem 12.51 reduces (|1.2|) by Proposition 12.81 Now we describe some formulas for a-pfafnans 
and a-determinants. 
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Proposition 2.9. Let B be any 2m by 2m skew- symmetric matrix. Then we have 

pf a (J m + zB)= ]T z# s pf a (B[S}). 

Sc{l,...,m} 

In particular, for any m by m matrix A 

det a {I m + zA)= ^ z* S det a {A s ). 

Sc{l,...,m} 

Proof. The first formula is obtained in a similar way to Proposition 12.11 The second formula is 
clear from the first formula and Proposition 12.81 □ 

Proposition 2.10. Let B be any 2m by 2m skew-symmetric matrix. Then we have 
pf a (B) = ^ (-ir + - +im det 2a (B ir>i3+1 (r,s)), 



)l<r,s<m- 



ii ,...,i m £Z/2Z 



Proof. By the definition (|2,5|) of the a-pfaffian, we have 

pf Q (S) = ^ a m-u(a) 2 -u(a) (-if 
fS6m ii,i 2 ,...,i m G 
1 



1+«2H Mr 



k=l 



5ST E E (2ar-^]jB ik>icrW+1 (kMk)) 



o-ee,-, 



fc=i 



1 

2"i 



£ (-l)^+-+^det 2a ( J B ir) i s+1 (r, s))i< r , s < m . 

ii,j2,...,i m 6Z/2Z 



□ 



For an arbitrary matrix T £ gl n and a non-negative integer fc, we define T^(T) byT^ } (T) 
24rdet Q (Z A .(r)), where 



/ tr(T) 2 
tr(T 2 ) tr(T) 



Z fc (T) 



tr ( T fc-2) tr ( T fe-3) t r(T fe - 4 ) 
trjT*- 1 ) tr(T fc - 2 ) tr(T fc - 3 ) 
V tr(T fc ) tr(T fc - x ) tr(T fe - 2 ) 



\ 




2(fc-2) 
tr(T) 2(k - 1) 
tr(T 2 ) tr(T) J 



for k > 1 and T (T) = 1. 
Then we have 



Proposition 2.11. Let B be any 2m by 2m skew-symmetric matrix. Then we have 

Tt\-J m B) = — ] £ pf a (S[ Sl ,..., Sm ]). 



i< 



In particular, (— J m B) = pf(-B). 
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The case of a = —1 is obtained in Lemma 2.5 in |KWj . We need a lemma to prove the 
proposition. Denote by z m (T)ij the (z, j)-entry of the matrix Z m (T). 

Lemma 2.12. Let p = (p%,...,pi) be a partition of m whose length is I and C p be a conjugate 
class of & m indexed by p. For the matrix Z m (T), we have 

m 

(2.14) Y, X\z m {T) ]<T{j) = 2 m - l tr{T^)...tr{TK) £ 1. 

o-eCp j=l <r£C p 

Proof. For a cycle r = (1 2 ... p\){p\ + 1 ... pi + P2) • • • in C p , we see that 

m 

II z m(T) jT (j) =2 • 4 - • • 2( P1 - 1) • t^T' 1 ) • 2( Pl + 1) • • • 2( Pl + p 2 - l)tr(r^) • • • 
i=i 

1 777 ' 

=2 m ~ z — — rtr^ 1 ) • • • tr(T«). 

Pi(Pi + P2) ■ ■ ■ (Pi + 92 H V Pi) 

Since z m (T)ij = if j > i + 1, only the terms for the permutations whose forms are a = 
(12 ... a\)(ai + 1 ... di + 02) • • • remain in the left hand side of (|2.14f) . where 01,02,... are 
permutations for p\, p 2 , ■ ■ ■ ■ Therefore 

m 

a£Cp j = l 



l2 »>-' m!tr (r^---tr(T^(n^) 



~ Ptt(1) (Ptt(1) + ftr(2)) • • • (ftr(l) + Ptt(2) H 1" ftr(Z)) ' 

where m r (p) is the multiplicity of r in p = (pi, . . . , pi). It is easy to see that this equals 



2 m - l m\tv(T pl )■■■ tr(T« ) ( TT — ^— | 

\r>i m r(py- J PI" 



= 2 m - l tr(T pl )---tr(T pl )#C p 

■■■pi 



We have proved the lemma. □ 
Proof of Proposition \2.11\ We have 

^ m 
TftH-JmB) = — £ ^ 1 - 1{P) E II *m(-J m B) jaU) , 



2 m m\ 

p\-m o-gCp j=l 



where p\- m means that p is a partition of m. By Lemma l2.12| 

= J_ Va m -^ ) 2-^)tr((-J m BD-..tr((-J m Sr) V 1. 
m\ z — ' z — ' 

phm <J&Cp 

In a similar way to the proof of Theorem 12. 5[ we can obtain the first claim in the proposition. 
In the case of a = —1, we see that 

j(- 1 )(-J m B) = ^ E pf(S[«i,...,s m ]) = pf(5). 

l<si,...,s m <m, 
si, ... , s m are distinct 



□ 
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Remark 2.4. Let A be a partition of n and A = (a^-) be a matrix in gl n . Then the immanant of 
A is defined by Imm A (i) = EaG6„ X X (°) HI =1 a io(i) i where x A is the irreducible character of & n 
associated with A, see [J]. It is easy to see that Ivami n \{A) = per(^4) and Immnnjfi) = det(A). 
We can define a pfaffian analogue of the immanant by 

V i\B)= Y, x\<?)\{Q{B){a^), 

o-6e m 3=1 

where B G 02m and A is a partition of m. We immediately see pi^ m \B) = pf x (i?) and pf^ 1 \B) = 
pf_l(-B) = p{(B). As like Proposition we obtain pf A (w(yl)) = Imm A (A) for A G Ql m and a 
partition A of m, that is, pf A is an extension of the immanant. □ 

3 a-Pfaffian point processes 

Let X be a countable set. Let L be a map 

L : X x X - t 2 (C); (x,y) - L(x,y) = f foi(*. vft 
y2V ^ V y; V y ' \Lio(x,y) L n {x,y)J 

such that Lij(x,y) = —Lji(y,x) for any i,j G {0,1} and x, y G X. Such L is called a skew- 
symmetric matrix kernel on X, see Ej. We regard the map L as an operator on the Hilbert 
space £ 2 (X) © £ 2 (X). Then L is a matrix whose blocks are indexed by elements in X x X. For 
n-point xi,X2, ... ,x n G X, we denote by L[x%,X2, ■ ■ ■ ,%n] the 2n by In skew-symmetric matrix 

l<i,j<n- 

Let J be the skew-symmetric matrix kernel determined by J(x,y) = J\8 x ,y and a be a real 
number. Suppose that pi a {L[x\, . . . , x n ]) are non-negative for all (x\, X2, • • • , x n ) G X n (n > 1) and 
that ||ai|| < 1, where || • || is the operator norm with respect to the Hilbert space £ 2 (X) © l 2 (X). 
By Theorem 12.51 we have 

oo ^ 

(3.1) pf(J-aL)- 1 /- = ^_ J2 pf a (£[*i, ■■■,*«])• 

n=0 x\,...,x n &i 

Here if #X = oo then we put pf(J + L) := Yl xcx, p£(L[X]). We consider a probability density 
on IJ^o defined by 

(3.2) P < f\x 1 ,...,x n ) = ^-pi(J-aL) 1 / a p{ a (L[x 1 ,...,x n }) on X™. 

71! 

By (JS31, we have T,n=oT, xl ,...,x n exPL ( x ii ■ ■ ■ ,a? n ) = 1. 

Put £2(X) = IJ^Lo -^V ~' wn ere we write (cci, . . . , x n ) ~ (yi, . . . , y n ) for two elements in X n if 
and only if there exists a permutation cr G S n such that y^ = x a u\ (1 < j < n). We define a point 
process tt^ on X by the equality 

oo 

(3.3) ^L\x)f(X) = Y £ P?(^-,*)-/W 

XGQ(3C) n=0 
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for any test function / on X. Here we write f(X) = f(x±) • • • f(x n ) for any sequence (x±, . . . , x n ) 
in a class X. More explicitly, 71^ is a probability measure on Q.(X) denned by 

(3.4) ^\X) = - ^r^pfV - aL) 1/Q P f Q (L[X]) for X e 0(X), 

where m x {X) is the multiplicity of x in X. We call this measure 71^ the a-pfaffian point process 
on X determined by a skew-symmetric matrix kernel L. 
The n-point correlation function is defined by 



(3.5) p ( l\x 1 ,...,X n ) = Y ^fcj^' X] P^O^l) • • • ,X n ,X n +l, ■ ■ ■ ,X n+k ) 

k=0 x n+ i,...,x n+k eX 

for (xi, . . . , x n ) 6 X". 

Theorem 3.1. Let L, pf/ , and pf^ be as above. Put K a = — a -1 (J + ( J — aL) -1 ) and K a = 
L(/ + aJX) -1 . Assume that pi a (K a [xi, ... ,x n ]) is non-negative for any x\, ... ,x n £ X. Then we 
have p^\xi, ...,x n ) = pi a (K a [xi, . . .,x n ]) = pf a (K a {x 1 , . . .,x n ]). 

Proof. Put K' a = -JK a J. Then it follows that (J + uK' a )(J — aL) = —I — aJL + a(—JK a J)J{I + 
aJL) = —I so that K' a = — a -1 (J + (J — aL) -1 ) = K a . Therefore by Proposition 12, 4| it is enough 
to prove PI \x\, ...,x n ) = pi a (K a [xi, . . .,x n ]). 

We abbreviate p^ to p simply. Let f(x) be a function on X such that fo(x) = f(x) — 1 is 
finitely supported. We have 

oo m oo m 

Y Y p(yu---iVm)Y[f(w) = Y Y p{y^^-^yra)\[{^ + MVj)) 

m=0y 1 ,...,y rn £X j=l m=0 yi ,...,y m eX j = l 



oo m , \ n 

ee : e n/ofe) e 

m=0n=0 v / ii,...,i„eli=l ln+l,-,lm£l 



, X n , X n -\-\, . . . , X m ) 



m 

oo oo / . im n 



YY KTl n + \k\' X n^ ^') Y P ( Xl > • • • i x n,Xn+l, ■ ■ ■ ,X n+k ) 

n=0 fc=0 xi,...,x n £X j=l x„+i,...,i„ + t£j 

x j n 

: X^j X PL ) (^l 1 ---^n)n/o( X i)- 

n=0 Xi,...,a; n 6X j=l 



When we put \f]{x) = y /(x) and identify -^/J with the matrix with (x,y)-block \ff{x)l20~x,y, we 
have &et(yfj\x\, . . . ,x n ]) = f(x\) ■ ■ ■ f(x n ). Therefore we get 

oo m 

Y Y p(yi>--->vm)Y[f(vj) 

m=Qy 1 ,...,y rn £X j=l 



oo ^ 

Y —\ Y pf Q (( v7^v7)[yi, • • • , y m ]) P f(J - aL) 1 /" 

m=0 yi,...,y m &X 

pf(J - ay7Ly7)" 1/a pf(J - aL) 1 /- 
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by IpTTj) . Further we see that 



det(J - ay/fLy/f) det( J - aL)" 1 = det((J - a/L)(J - aL)" 1 ) 
= det((- J)(J - a/L)(J - aL)' 1 J) = det((7 + a(l + f )JL)(I + aJL)- 1 ) 
= det(J + /o Jif a ) = det( J - af K a ) = det( J - ot^/J Q K a ^/J ). 

Hence, by (j.S.lj) again, 

oo m 

E E • • • , Vm) II /(W) = P f ( J - «^/^)" 1/a pf(-/ - aL) 1 /" 

m=0yi,...,y m eX J=l 

co 1 n 

=pf(J - ay/ToK a y/Tor 1/a = E ^ E P f a(#«[3l S ■ ■ ■ , II /o(*i)- 

n=0 xi,...,a;nS3£ j=l 

Finally we have 

oo ^ n oo j n 

E^T E Pi a) ( a? l>---' a; n)ll-/' ( :r j) = E^| E P f a(^«[ a; l ) ---' ;c n])II/ ^) 
n=0 xi,...,x»ejE J=l n=0 xi,...,i„el j=l 

for any finitely supported function /q. This implies the theorem. □ 

In general, we call the matrix K such that p(xi, . . . ,x n ) = pf(K[xi, . . . ,x n ]) the correlation 
kernel for a correlation function p. The correlation kernel is not uniquely determined. 
The a-determinant version of the theorem above is obtained in ST . 



Example 3.1. Let A be a trace class operator on X. Define a skew-symmetric matrix kernel L by 

v ,yj \-A(y,x) J 

for x,y £ X. Then pf a (X[X]) = det a (Ax) by Proposition 12.81 where Ax = (A(x,y)) x ,yeX- 
Therefore the probability measure n^/ is nothing but the a-determinantal point process de- 
termined by A, which studied in |ST| . The correlation function is given as pf/{x\, . . . ,x n ) = 
deb a (B a (xi,Xj))i< itj < n , where B a = A(I - aA)' 1 = -a' 1 ^ - (I + A)- 1 ). □ 

Remark 3.1. If pf a (L[xx, . . . , x n ]) is non-negative for x±,...,x n S X and pf Q (J + L) is non- 
negative, then we can also define the point process on ^3(3£) = {X C X; j^X is finite} from 
Proposition by ] {X) = pf a (J + L)- 1 pf Q (L[X]) for X G «p(£). □ 



4 Shifted Schur measure and pfafRan point process 

In this section, we obtain a linear algebraic proof of the explicit pfaffian expression of the correlation 
function for the shifted Schur measure. It is obtained in [M] via the vertex operators on the exterior 
algebra. 
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4.1 Definition of the shifted Schur measure 

Let u = (ui,U2, • • • ) and v = (v\, V2, ■ ■ • ) be variables. Let V be the set of all strict partitions and 
£(X) be the length of a partition A € V (see |Macj ) . Put 

oo 

j=l 3 

The Schur Q-function Qa(^) associated with A G X> is defined as a coefficient of z^ 1 • • • z^ n in the 
formal series expansion of 



Q u {zi) ■ ■ ■ Q u {z n ) \\ 



Zi - Z 



'3 



l<i<j<n ' ^ 

where n > £(A) and f^f = l + 2^i(-l)*«"V. 

The shifted Schur measure (see pl ITW] ^ is the probability measure on V given by 

Pss(A) = -J-2-'WQ A («)Q A ( W ), 
^ss 

where Zgs is the constant determined by the Cauchy identity ( |Macl III-8]) 

oo 

Z ss = £ 2-^Qx(u) Qx (v) = n ■ 

Ae£> i,j=l 1 3 

The correlation function for the shifted Schur measure is defined by 

Pss(A) = Pss ({/x G 2?; n D A}) = £ P ss (» for AeD, 

£tSZ>, /OA 

where fj, D A means {/ii, . . . , A*^)} 13 {Ai, . . . , A^m}. The aim in this section is to obtain a new 
proof of the following theorem in [Mj . 

Theorem 4.1. For any strict partition A = (Ax, . . . , A/) 6 T>, we have 

P ss(A) = pf(/C[A 1 ,...,A i ]), 
where K, is a skew-symmetric matrix kernel whose blocks are 

, , ffC 00 (r,s) /C 01 (r,s)\ 
]C{r, s) = „ ; ; „ ; : forr,s>l. 

The each entry is given as follows: 

, , lr r S] Qu(z)Qu(w) Z-W 

IC oo(r,s) = -lzw] Qv{z _ 1)Qviw _ 1)z + w , 
where = 1 + 2 YlT=i(~ ^) k z~ k w k and [z r w s ] stands for the coefficient of z r w s , and 

y r x y i x l r r si QuQ)Q«M ZU> + 1 

/C 0a (r, S ) = -/C 10 ( S) r) = «, ] g4z - 1)gM(w - 1)zw _ r 
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where = - (l + 2 z k w k ) . Finally, 



, . l [r 8] <2„(z)Qo(w) ui - z 
/Cii(r,s) = - 2 u; — — — t— ; — , 

wfcens = - (1 + 2Er=i(-l) fc ^ fc ^)- 

We regard the shifted Schur measure as a pfaffian point process. For that purpose, we recall 
the pfaffian point process, which is the case of a = —1 in the a-pfaffian point process defined in 
Section |3J 

Let ^P(X) = {X C X; j^X is finite}. We define the pfaffian point process ttl on X determined 
by a skew-symmetric matrix kernel L as the measure on *p(X) given by 

tt(X) = vr L (X) = for X G «p(3£). 

Then by Theorem 13. II its correlation function is 

(4.1) p(X)= <Y)=pi(K[X}), 

where K = J + (J + L) _1 . 

More generally, let 2) be a subset in X such that 2) c = X \ 2) is finite. Then we can define a 
point process on 2J by 

-^f|f -"WO. 

Here we identify J[2J] with the block matrix ^ jjj , where the blocks correspond to the partition 

X = 2J U 2) c - This process is called the conditional pfaffian point process determined by L. The 
correlation function is given as follows. 

Proposition 4.2 ([BRJ). Let Pl, 1 ® be the correlation function on 2J determined by a skew- 
symmetric matrix kernel L. Then we have Pl,2)(X) = pf(-?TLY]) for X G 23(2J) ; where 



k = jm + (jm+l)- 1 



. □ 

2)x2) 



4.2 Proof of Theorem 14. 11 1st step 



Let u = (tii, . . . , u n ) and v = (vi, . . . , v n ), where n is even. The case that n is odd is similar. We 
define a bijective map <fi from V to *p even (Z>o) = {X G *p(Z>o) ; #X is even} by 



0(A) = 

First we prove the following proposition 



{Ai, . . . , if ^(A) is even, 

{Ai, . . . , A^( A) ,0}, if£(A)isodd. 
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Proposition 4.3. Define a skew- symmetric matrix kernel L on X = {1, 2, . . . , n} U 2) by 



L 



V WrT 
-rj'^W O 



where 2) = Z>q, V = (V(i, j))i<ij< n and W = (W(«,r))i<j< n) rez> - Their entries are given by 



V«,i)= „ , W(t,r) v () r , 



Vi+Vj 

Further r\ is the matrix whose block is given by 



n(r,s)=5 rs ( r,( -r) £\ f O rr,sGZ>0, 
where r](r) is equal to I ifr = 0, or to | if r > 1. T/ien /or X G *p(Z>o) we have 

pf (i[ xu { i, 2 ,...,„ } ],=2-« &W g xW n (^) n (t^j 

l<i<j<n J ' l<i<j<n J 

if #X is even and X = cf)(\), and pi(L[X U {1, 2, . . . , n}]) = if #X is odd. 

In order to prove the proposition, we need the lemma (see |Macl III-8]). 
Lemma 4.4 (|NJ). The Schur Q-function can be written as 

Q x (u) = ±2 £ Wpf(^ M ( W (A))) • [] 

l<i<j<n 



where the sign depends on only A and we set 

MX) = 



V(u) W(u) x 
IWiujx Ox 

for X e <P(Z> ). Here V(u) = i^f) and W(u) x = («f )i<i<n,*ex- □ 

V 1 i J l<i j<n 

Proof of Proposition^ Put W[X] = {W{i,x))i<i< n ^ x for X G *P(Z> ). Since 
L[XU{l,2,...,n}] = 



V W[X] rj-2[X] 

-r)-?[X] l W[X] O x 



'2/1 



O T}-*[X\J \-*W[X\ Ox )\o rr*[X\ 
for X G 2J(Z>o), we have 

pf(L[XU{l I 2 > ...,n}])=pf( r W ^^ (hn ° 



W[X] Ox J \0 v -i[X] 
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Changing orders of rows and columns, we have 

pf f V W[X\\_ f _ 1)(n+# X)(n + #X-l)/2 rf-Au(X) O A 

= ( _ 1)(n+#x)(n+#x _ 1)/2+{n+#x)/2pf( ^ (x))pf( ^ (x)) _ 

Here if #X is odd then pf(A u (X)) = 0. Hence we may assume #X is even. Put A = <p~ 1 (X). 
Then it follows from Lemma 14.41 that 



<2-'^(u )Q ^ n n 



Vi - Vj 



- LJ - \Ui + UjJ - LJ - Vwi + Vi 
Since Ilice x = 2~^ A ) for X = 0(A), we get the proposition. □ 
4.3 Proof of Theorem I4.lt 2nd step 

The shifted Schur measure is nothing but the conditional pfaffian point process determined by 
L in Proposition 14.31 Thus from Proposition 14.21 we have to obtain an explicit expression of 

k = jm + ijm+L)- 1 

Lemma 4.5. We have 



2)x2) 



A B\ 1 _ / -M~ l M^BD- 1 
CD) ~ yD^CM- 1 D- 1 - D^CM^BD- 1 •' 

where Ai = BD~ 1 C — A, if D and A4 are invertible. 

Proof. This is straightforward, see e.g. |BR| . □ 



Bythis lemma, thekernelK = J[2)]+( J^+L)" 1 is equal to K = J[2)]r/~^*WAl _1 Wr/ _ i J[2)], 
where .A/f = Wt/ _ 2 J[2)]r/~2'W — V. We may replace K by 

from Proposition 12.41 

Proposition 4.6. Write the skew- symmetric matrix kernel M^ 1 on {1,2, ... ,n} as 
M -i (kl) _(M^(k,l) M l(k,l)\ forl<kl<n 
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Then we have 



(4.3) MuHk,t)=f\( 1 - UkVil - utvi ) n (^) n (^ ±M ) 



1 - •Ufc^j 1 - uiVj \ yi ( Uk + Uj \ jj ( n + uj \ u k -ui _ 

Ui - Uj) U k +Ul 

(4.4) M 01 Hk,l)=-M w Hl,k) 



_ TT / '""Fj 1 " "j ^ \ TT / »fc ~r "-t \ TT / -r uj \ J- 

VI + u k Vj 1 + i l| n \ufc - «i/ 1 <^ nj - v i/ 1 

<-> ^')-n(^^)ln n 



3=1 1 < j < n , 

i^fc 3^ 

We recall some formulas for pfaffians, which are obtained in [I 



Lemma 4.7 (|IWJ). Lei n be any even number. Let A and B ben by n skew- symmetric matrices. 
Then 

pf(A + B)= Yl (-l) |i|+ ^pf(^i)pi(Si=), 

iC{l,...,n}, 
#i: etiert 

where we put \i\ = i\ + ii + • • • + i p and i c = {1, . . . , i%, . . . , i2, ■ ■ ■ , i p , ■ ■ ■ , n} for an increasing 
sequence i = {i\ < i<z < ■ ■ ■ < i p ). □ 



Lemma 4.8 (Minor summation formula [IWJ). Let m < n. Let B be any n by n skew- 
symmetric matrix and T be any m by n matrix. Then 



pi(Bi) det(T}'-' m ) = pfCTBT), 



iC{l,...,n}, 
#i=m 



where T i '-"' m = (tfc,^)i<fc< m ,i<i<m for T = (%)i<i<m,l<i<n and i = (h < ' " < i m )- ^ 

Lemma 4.9. Let A be any 2n by 2n skew- symmetric matrix and B be any 2n by 2m matrix. 
Assume that n is even. Then we have 

pff f R f ) =pi(BJ m t B-A). 



B J n 



Proof. By Lemma 14.71 we have 



A 0\ ( O B 



LHS=pf „ T + 



O J m V-*B O 



O B 



.. y: e (-i) iii+ifci+(#i+#fc)/ v(^)pf((j m ) fc )pff l _ ti? 

iC{l,...,2n}, fec{l,...,2m}, / (i c ,n+fc c ), 

#i: even #fc: even 

£ £ (_l)l«l + l*l+(#*+#*)/2 + #i72 pf (il . )pf (( Jm)k) det( ^ c 

»C{l,...,2n}, feC{l,...,2m}, 
#i: even #fc c =#i c 
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Since it is easy to see that (#i + #i c )/2 = n = (mod 2) and that pf((J m )fe) = unless k 
(2ri — 1, 2ri, . . . , 2r p — 1, 2r p ) for an increasing sequence (ri, . . . , r p ), we have 

LHS= E E (-l)'V(A)pi((J m ) fc )det« c )- 

iC{l,...,2n}, fec{l,...,2m}, 
#i: even #fc c =#i c 

On the other hand, by Lemma 14.71 and Lemma 14.81 

RHS = (-l)l i l + ^pf(-A)pf((BJ m t J B) ic ) 

iC{l,...,2ra}, 
#i: even 



53 (-l)'V(^) E pfCOWi) det(Bj 



iC{l,...,2n}, 3'C{1 2m}, 

#i: even #j=#i c 



Hence we obtain the lemma. □ 
Proof of Proposition^^ It follows from Lemma 14.91 and Proposition 14.31 that 
pf (M) =pf ( J[2)] + L) = J3 pf (L[X U {1, . . . , n}}) 



' Vi - v, 



=e^w-w»w n (*^) n 

AeX> l<«<j<n J l<i<j<n 

<«> - n f^S) n fe?) n 



Uj + Uj 



'■J 



We write 



\1 — UiVj J ±L \Ui + Uj I 1L \ V{ + v 

l<i,j<n J l<i<j<n l<i<J<i 

M ^ \M 1Q {k,l) Mn(k,l)J l^H 



and AJjj = (Aiij(k, l))i<k,i< n f° r * 5 j = 0> 1- The skew-symmetric matrix 

.Alio Afn, 



Al 



is obtained by changing orders of rows and columns from Ai and it satisfies pf(Ai) = (— 1) a pf(Al). 
The pfaffian of the matrix j\4\ k '^ obtained by removing the fc-th row, Z-th row, fc-th column and 
Z-th column from At, where 1 < k,l < n, equals the value removed variables and u\ from Q4.6|) . 
up to sign. Namely, we have 

pttMiM, = ( _ 1)5 u (i±^a) u (to) n to). 

l<i,3<n, V J/ l<«<i<n, v 1 3 7 l<i<j<n V J 7 

iy^k,l i,jj^k,l 

Thus for fc < Z 

pf(Al) 

_rr/ l - 1 ~ \ rr / Uk + \ T-r / WL + 'mA ^fc ~ 

V 1 + MfcUj 1 + Ujl>j J 1 J| n V U fc - U * / „ V U l - U j ) Uk+Ul' 

i^k ' &l ' 
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This equality holds also if k > I so that we obtain (|4.3|) , 

Similarly, since J^i^ k ' n+ ^ is the matrix removed variables u\~ and v\ from .M we see that 



n (i±^) n (^) K n Ut+ „, 



i<j<n, 

i^kj^l i,j^k 

Thus for 1 < k, I < n we have 

A^M) = ~M w Hl,k) = (M )k,n+l = 1 ' * 

pf(M) 

_TT A" •"fc^'j 1 - TT / Mfc + mA TT /t^\ IjHW 

\1 + tifcUj 1 + UjViJ } A V^fc - «i/ i JT.^ - v jJ 1 - U JM ' 

and so we obtain (|4.4|) . We also have (|4.5j) in a similar way. □ 

4.4 Proof of Theorem I4.lt final step 

We calculate K = —rf^V^Mr^V^rfz. For r, s > 1 we have 

We prove that /C(r, s) = K(r,s) for r,s > 1, where /C is defined in Theorem 14.11 Assume that 
variables u\, . . . , u n , v\, . . . , v n are 2n distinct complex numbers in the unit open disc. 
By the residue theorem we express JCoo(r, s) as 

1 1 ff Qu(z)Q u (w) z — w dzdw 



2 (27T V /r T) 2 JJ\z\>\w\>l Qviz-^Qviw- 1 ) Z + W ^+ltO'+ 1 ' 



where the contours in the integral are two circles around near the unit circle such that \z\ > \w\ > 
1. But since the integral for the residue at z = — w equals 

-ir r dw 



2vrV-l J w r+s+1 

we may let the contours \z\ = \w\ = 1. Changing variables 2 — > z _1 and w — ► we have 

2 (27TV-1) 2 yj| 2 | = |u>|=l^ V 21 ~ u i 1 + ~ u i 1 + V Z + Wj 

The integrand has simple poles at z = u k and w = ui for A;, I = 1, . . . , n. Thus it follows from (|4.7j) 
and Proposition 14.61 that 

K 00 (r, s)=-2± ului TT ( ] ~ UkV > ] ~ UlVj ) TT (^^) TT (^i)^L 

=K 00 (r,s). 
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Similarly, we have 

Qu(z)Qv(w) zw + l dzdw 



Koi(r,s) 



2 (27^^/^T) 2 J J g^" 1 )^^" 1 ) zw - 1 z^w^ 1 



Here the contours are two circles such that \z\ < 1, < 1. Thus as like the calculation for /Coo 
we have 

1 1 f f-^j /z + Uil-ViZW + Vil-UiW\ 1 + zw r _ 1 x 

/Cni(r, s) =-- . — so / / ^ u; azaw 

v y 2 (27r v /3 T) 2 yy y - «< 1 + ™ - *>< 1 + «iW 1 - 



= Koi(r,s). 



We can prove /Cn(r, s) = Ku(r, s) in a similar way. Hence we obtain JC(r, s) = K(r, s). Though 
we have assumed that U{, Vj belong to the unit open disc, it is in fact unnecessary, see e.g. |BR| . 
This completes the proof of Theorem 14.11 



5 Positivity of pfaffians 

We study the sufficient condition that the pfaffian is non-negative. 

Let SH2 m be the set of all 2m by 2m skew-symmetric C-matrices B satisfying £>oo(V, s) = 
£?il(r, s) and Bq\{t, s) = —B\q{t, s) for each block B(r, s) (1 < r, s < m). Equivalently, SH2 m is the 
set of all 2m by 2m skew-symmetric C-matrices B such that —J m B is hermitian, i.e., BJ m = J m B. 
Put 

SH^ = {B £ SH2 m ; —J m B is non-negative definite}. 
Similarly, let SH^ be all elements in SH2 m such that —J m B is positive definite. 

Proposition 5.1. Let B G SH^. Then pt(B[S]) is non-negative for any subset S C {1, . . . ,m}. 
In particular, pf (B) > 0. 

Proof. Since submatrix —J n B[S] (S C {1, . . . ,m}, #S = n) of —J m B is a non-negative definite 
hermitian matrix by the assumption, the roots of the polynomial det(z/2n + JnB[S]) are all non- 
negative real numbers. Since pf(zJ n — B[S}) 2 = det(zl2 n + JnB[S]), the roots of pf(zJ n — B[S]) 
are also non-negative. Hence if we look as the constant term in the polynomial above we obtain 
that pf(B[5]) is non-negative. □ 

Now we state the relation between elements in SH^ and non-negative definite hermitian 
matrices. Let Her m be the set of all m by m hermitian matrices. Let Her ? ^° C Her m be all 
non-negative definite hermitian matrices. 

Proposition 5.2. Let u> : gl m (C) — > 02m(C) be an injective linear map defined in Section 
Then we have w(Her m ) C SH2 m and w(Her|°) C SH^. 
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Proof. For A = (a r s)l<r,s<m G Her m the (r, s)-block of uj{A) is 

so that uj(A) G SH2 m . Let A be an eigenvalue of — J m to(A). Then since 

=det(A7 2m + J m w(A)) = pf(AJ m - cu(A)) 2 = det 

= det(A7 m - A) det(AJ m - A*) 

and A and .A* are non-negative definite, the eigenvalue A is non-negative. □ 

Hence we may treat elements in SH2 m as generalizations of hermitian matrices. Proposition 
15. II indicates us the following problem. 

Problem 5.1. What is the range for a such that pf Q (7>) > whenever B G SH^. □ 

This problem is an extension of the problem for the positivity of a-determinants of a non- 
negative definite hermitian matrix (recall Conjecture 11.1(1 . It relates to the existence of a-pfaffian 
point processes defined in Section 

Proposition 5.3. Let L be a skew-symmetric matrix kernel on a countable set X and a be a real 
number. Assume that —JL is hermitian and non-negative definite and satisfies \\ctL\\ < 1. Then 
— JK a is also hermitian and non-negative definite, where K a = L(I + aJL)~ l = (7 + aLJ)~ l L. 

Proof. Put C = — JL and K a = —JK a . It is easy to see that K a = C(L — aC)^ 1 = (7 — aC)~ l C so 
that KL a is hermitian if a is a real number. If A is an eigenvalue of C, then |aA| < 1 since < 1. 

Therefore K, a is non-negative definite. □ 

For an a, we suppose that pf Q (L[X]) is non-negative for all X G ^P(X) whenever —JL is 
hermitian and non- negative definite. Then, by the proposition above, the a-pfaffian pi a (K a [X\) is 
also non-negative. Therefore the correlation function in Theorem 13. II exists in this case. 

We study Problem l5.ll It follows from Proposition l5.1l that pf_ 1 (5) = pf(7?) > and pf (7?) > 
for B G SH^. More strongly, we obtain the following inequality. 

Theorem 5.4. Let B G SH^. Then we have 

m 

vh{B) = \{B m {r,r)> V i{B). 

r=l 

The equality holds if and only if B(r, s) = O2 for r 7^ s. 

If we let B = oo{A) for A = (a^) G Her m , then Theorem 15.41 provides the well-known formula 

in 

Y[ aii > det(A). 

i=l 



O m A7 m A 
-A7 m + A O 

m 



a-Pfaffian 
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We need some preparations to prove the theorem. Put 

' fx® 

S2m,2 = < X 



; X® £ SH 2 (1 < j < 



m 



It is easy to see that J m X = XJ\ for X £ S 2ril:2 . Let O r>s be the r by s zero matrix. 

Lemma 5.5. For B £ SH>° and X £ S 2m ,2 \ {0 2m ,2}, we have pf(*X£X) > 0. 

Proof. Since the matrix t XBX is a 2 by 2 skew-symmetric matrix, it is easy to see that pf (^XBX) = 
^tv(—Ji t XBX). Therefore it is sufficient to prove ti{—JiXBX) > 0. By the commutation relation 
J m X = XJ 1} we have tr(- J^XBX) = tr(*Z(- J m B)X). If we write X = (x 1 ,x 2 ) (x 1 ,x 2 £ C 2m ), 
we have tr( t X(—J m B)X) = t xi(—J m B)xi + t x 2 (—J m B)x 2 > since —J m B is positive definite 
and X\ 7^ or x 2 ^ 0. □ 



Lemma 5.6. If B £ SH>^ ; then (B 



_1 £ SH^J. 



Proo/. Let B £ SH>^. Since —J m B is positive definite and hermitian, the inverse (—J m B 



Jim. B 



-Jrn(B 



is also. Therefore (B*) 



*\— l 



G SH 2m' 



□ 



Proof of Theorem \5.4\ Write B in the form 

Bm-l £ SH2 m -2, X 



B 



Bm-l X 

— l X B(m,m] 



( B(l,m) \ 



\B(m — 1, m) J 



£S~ 



2m-2,2- 



P 



hm-2 
2 o m -2 



{B m ^)- L X 
h 



Then B m -\ £ SH^^. In fact, if B £ SH^, then —J m B is positive definite. We immediately see 
that — J m —\B m — i is also positive definite, hence 5 m _i £ SH 2 > r ^_ 2 . 
Put 

Then it is easy to see that 

B = t P 

We have 



B m -1 02m-2,2 

2 ,2m-2 B(m, m) + t X(B m ^i)~ 1 X 



P. 



pi(B) =pf(B m _ 1 )pf(B(m,m)+ t X(B m „ 1 )- 1 X)det(P) 
=pf( J B m _ 1 ){pf (B[m, m)) - pf (* X (- B^)' 1 X)} . 

Since -B m -i £ SH 2 > ? ^_ 2 , it follows from Lemma 1531 and Lemma EU that pf( t X(B m _ 1 )~ 1 )X) > 0. 
Hence pf(*X(— B m -i)~ l X) > for any X £ S 2m - 2)2 if and only if X ^ 2m - 2:2 . Therefore we 
have 

pi(B) <pf(B m _i)pf(B(m,m)) 
and the equality holds if and only if X = 2m - 2 2 . By the induction on m, we have the theorem. □ 
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